
ftoi is the product of some playing around I didwhen TA ing a topology course We'dbeen asked to suggest exam
and quit problems and I was playing around withsubspecesof theordered severeto e 0,13 50,1 under the dictionary order topologythey'djust seen it in cless and I thought it'd be a rich exempleto yield exam problems
I was seeing if deleting somepartof the set looking at theordertopology
on the resulting subspace and seeing if it leadsto anything interesting

Now the thing about Io is that it's connected but not
path connected In a nutshell peth connectivity fails because

Io simply hes too many points in it you can find an

uncountable collectionof disjoint open intervals which rules out
the possibility of having a continuous peth o 13 Io from
0 0 to 1 1

Thus deleting points from Io becomes a way to counteract
this However you cannot delete

too much either
because you might take away

enough to disconnect the
space So my goal was to see if I could reach the

optimum target delete enough to ensure peth connectedness

but not so much as to lose connectedness

É d thE is such a space which turned intomy proposed
problem which was that given this space to show that it is
path connected

The space let's call it X is obtained by deleting all
the vertical segments xx 0 xx I for all irrational x

everythingin datebluebelongsto x
team
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We left the bottommost point xxo in so as not to disconnect

X

Notation for q Oh let Ion denote the interval exo ex

of X

We prove path connectedness of by constructing a pathfrom
0 0 to 1 1

Firstmete that foranyinterval e b c IR end e e there is

a naturel mep cab Iq that sceless Cab by a suitable
amount and maps a exo b Ext

axl
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Theidea of the construction mimicks the construction in theproof of
Urysohn's lemme which was done in the course canbefound in Munkres

Enumerate the nationals in co I as Eo q n such that
o O and E 1

first
The idea is to Lsuccessively choose a subineevel Cai bi of co I
which will get mapped to Iei simile to theproof of Urysohn's
Lemmon if Ej lies between qi and we then Ccj b

will lie between ai bi and Cau bu 3

The process for choosing these Cei bi is illustrated below
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Once this is done we here to decide where to weep the
points Hh whet remains of o I ie in Cool I7Ij
Tor ouch en r let tf x sup qi f bi c x

i e qi s t
Gi bi lies tothe left
of a

end
the

right off xedundent Notethat we'llalwayshereXx Cx

If EQ then weep x to eca x 1 ie the topmost
point of thevertical segment

correspond

to lie
I Q then weep x to Ux x 0

Once this contraction is done one lies to checkthat the mapso
obtained is surjective continuous Surjectivity is easy continuityneeds to
be checked for points in co i3 Ij and et ell ai and bi
This requiressomecore checking and is left upto the reader
Mete that on oxo and I 1 1 by this construction and so

we do indeed get a pathfrom oxo to 1 1 as desired



Remest 1 This problem turned out tobe too lengthy to giveon
anexam but really all it involves is reusing a familes
example and a familiesproofidea that was seen inthecourse

2 One possible problem involving thisspace X thatcouldperhapsbe
given on a quit orexam is to show connectedness directly
without necessarilyshowing pethconnectedness

connectedness holds for X forthe same reason thatit holds

for Io both are examplesof a linear continuum i e a

top space with an ordertopology sit the leastupperbound
propertyholds and given a cb c sit acccb
Any such space is always connected

see Munkres Ch3 section 24


